Abstract. This is an English translation of the following paper, published several years ago: Nikonorov Yu.G., Nikonorova Yu.V. Generalized Popoviciu's problem (Russian), Tr. Rubtsovsk. Ind. Inst., 7, 229-232 (2000), Zbl. 0958.51021. All inserted footnotes provide additional information related to the mentioned problem.
Let ABCD be any convex quadrilateral in the Euclidean plane. Let us consider the points A 1 , B 1 , C 1 , and D 1 of the segments AB, BC, CD, and DA respectively, such that
for some fixed k > 0. The straight lines AB 1 , BC 1 , CD 1 , DA 1 form a quadrilateral KLMN (K, L, M, N are the intersection points for the first and the fourth, the first and the second, the second and the third, the third and the fourth straight lines respectively), situated inside ABCD. 4 We will give a proof that does not depend on the use of computer technology. Nevertheless, it is difficult to obtain manually the factorization of polynomials, that are used in the proof. All the relevant calculations can easily be done with the help of symbolic computation systems. Proof. We may assume that the vertices A, B, and D are pairwise distinct points. Using a suitable affine transformation (the ratio of the areas does not change in this case), one can reduce the problem to the case, when ∠BAD of the quadrilateral ABCD is right, and the sides AB and AD have unit length. We introduce a Cartesian coordinate system in the plane, taking the point A as the origin and the rays AD and AB as the coordinate rays. In this coordinate system, the points A, B, D, C have coordinates (0, 0), (0, 1), (1, 0), (a, b) respectively, where a ≥ 0, b ≥ 0, a + b ≥ 1. Let us denote by Ω the set
Now, let us calculate the values s and S using standard analytical geometry tools. It is easy to get that 2S = a + b. It is a simple problem to calculate the coordinates of the following points:
It is easy also to find the equations of the straight lines DA 1 , CD 1 , AB 1 , and BC 1 :
Now, we should calculate the coordinates of the points K, L, M, and N, which are intersection points of pairs of the corresponding straight lines. Omitting the standard calculations, we obtain
It is obvious that
Using determinants for calculating the areas of the triangles, we obtain
,
Therefore,
It should be noted that
on the set Ω. This implies that Q(a, b) > 0 on the set Ω. Therefore, the proof of the theorem reduces to the proof of the following two inequalities for (a, b) ∈ Ω: 
